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A fundamental result of thermodynamic geometry is that the optimal, minimal-work protocol that drives a

nonequilibrium system between two thermodynamic states in the slow-driving limit is given by a geodesic of

the friction tensor, a Riemannian metric defined on control space. For overdamped dynamics in arbitrary
dimensions, we demonstrate that thermodynamic geometry is equivalent to L? optimal transport geometry
defined on the space of equilibrium distributions corresponding to the control parameters. We show that

obtaining optimal protocols past the slow-driving or linear response regime is computationally tractable as

the sum of a friction tensor geodesic and a counterdiabatic term related to the Fisher information metric.

These geodesic-counterdiabatic optimal protocols are exact for parametric harmonic potentials, reproduce

the surprising nonmonotonic behavior recently discovered in linearly biased double well optimal protocols,
and explain the ubiquitous discontinuous jumps observed at the beginning and end times.
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Introduction—A consequence of the second law of
thermodynamics is that finite-time processes require work
to be irretrievably lost as dissipation. Recent studies in
stochastic thermodynamics have aimed to characterize
minimal-work protocols, which have applications for nano-
scopic engineering [1-12] and for understanding biophysi-
cal systems [13-18]. In this Letter we unify disparate
geometric approaches and arrive at a novel framework for
obtaining and better understanding thermodynamically
optimal protocols.

The problem statement is this: given a configuration
space x € R?, inverse temperature 3, and potential energy
function U, (x) parametrized by A € M, what is the optimal
protocol 2*(¢) connecting the parameter values 4; and A, in
a finite time 7z that minimizes the work

Wa(t)] = AT%<%> dr? (1)

Here, M C R" is an orientable m-dimensional manifold,
locally resembling R” everywhere with m < n. We use
Greek indices to denote local coordinates of 1 € M, and the
Einstein summation convention (i.e., repeated Greek indi-
ces within a term are implicitly summed). The ensemble
average (-) is over trajectories X(7),cp that start in
equilibrium with 4; and evolve via some specified Langevin
dynamics under Uy, 0.4-

Schmiedl and Seifert [19] showed that optimal protocols
minimizing Eq. (1) have intriguing discontinuous jumps at
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the beginning and end times, which have proven to be
ubiquitous [5,19-21,23-30]. Furthermore, optimal proto-
cols can even be nonmonotonic in time [5,27].

Sivak and Crooks demonstrated through linear response
[31] that in the slow-driving limit (z > 7R, an appropriate
relaxation timescale), optimal protocols are geodesics of a
symmetric positive-definite [32] friction tensor defined in
terms of equilibrium time-correlation functions. Treating
the friction tensor as a Riemannian metric induces a
geometric structure on the space of control parameters,
known as “thermodynamic geometry.” This approach is
computationally tractable, as the friction tensor can be
obtained through measurement, and geodesics on M can
be determined by solving an ordinary differential equation.
Geodesic protocols have been studied for a variety of
systems including the Ising model [33—-36], barrier crossing
[15—17], bit erasure [2,37], and nanoscopic heat engines
(after allowing temperature to be controlled) [9-12,38], but
unfortunately their performance can degrade past the slow-
driving regime [27].

Alternatively, when the ensemble of trajectories is addi-
tionally constrained to end in equilibrium with 4;, finding
the work-minimizing protocol for overdamped dynamics is
equivalent to the Benamou-Brenier formulation of the L?
optimal transport problem [39,40]—finding the dynamical
mapping between the two distributions that has minimal
integrated squared distance [41]—which itself yields a
Riemannian-geometric structure [42—44]. The Benamou-
Brenier solution is a time-dependent distribution and time-
dependent velocity field that solves a continuity equation,

© 2024 American Physical Society
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FIG. 1. Algorithm 1 reproduces the exact optimal protocol
(black) for the variable-stiffness harmonic oscillator (depicted
here, 4; = 1, 4, =5, and 7 = 0.5) found in [19], as the sum of
geodesic (dashed blue) and counterdiabatic (shaded red) compo-
nents. The geodesic y(s) connects y(0) = 4; to y(1) =y, (blue
star) solving Eq. (21).

which in this Letter we explicitly identify as a desired
probability density evolution and the additional counter-
diabatic forcing needed to effectuate its faster-than-quasi-
static time evolution (as studied in so-called engineered
swift equilibration [45-47], counterdiabatic driving [48],
and shortcuts to adiabaticity [49-57]). Remarkably, optimal
protocols obtained in this manner are exact for arbitrary
protocol durations 7 [39]. Unfortunately, this approach
involves solving coupled partial differential equations
(PDEs) in configuration space (R?), which is typically
infeasible for dimension d = 5. Furthermore, the control
space M must be sufficiently expressive in order to
implement the optimal transport solution, which is often
overly restrictive [58].

For overdamped dynamics in arbitrary dimension, [38]
showed that the friction tensor may be obtained via a
perturbative expansion of the Benamou-Brenier objective
function. Here, we derive an even stronger result, that
thermodynamic geometry is in fact equivalent to optimal
transport geometry, in the sense that the friction tensor and
the Benamou-Brenier problem restricted to equilibrium
distributions parametrized by A have identical geodesics
and geodesic distances. Surprisingly, we find that a
counterdiabatic component may be calculated using the
Fisher information metric from information geometry [59—
61]. We demonstrate that protocols obtained by adding this
counterdiabatic term to thermodynamic geometry geode-
sics are analytically exact for parametric harmonic oscil-
lators, reproduce recently discovered nonmonotonic
behavior in certain optimal protocols [27], and satisfyingly
explain the origin of jumps at beginning and end times.

Preliminaries—For each 1 € M there is a corresponding
equilibrium distribution

P (x) = exp{=p[U,(x) - F(A)]}. (2)

where F(1) = —p~!In [exp[—pU,;(x')] dx’ is the equilib-
rium free energy of the potential energy U, (+). For ease of
notation we will denote py* = p3, pi! = pj‘;, and AF =
F(ip) = F(4).

We consider overdamped Langevin equations, such that
trajectories X () € R¢ follow the stochastic ODE

dX(1) = =VU,(X(1)) dt + /267 1dB(1),  (3)

where B(t) €R? is an instantiation of standard Brownian
motion [62]. Here, we will consider only isothermal
protocols, so without loss of generality we set f = 1.
The probability density p(x, t) corresponding to Eq. (3)
undergoes a time evolution expressible either as a Fokker-
Planck equation or a continuity equation of a gradient field

odop

o
z LV V). @)

Lynp or 5
where £, is the Fokker-Planck operator [63]
Lip=V?p+V-(pVU,), (5)
while ¢ is a scalar field that depends on both p and A
d(x, 1) =Inp(x, 1) + U (x,1). (6)
The adjoint operator LZ; acts on a scalar field y(x) via [64]
L)) = AV Ve ). (7)

Finally, f,(x) == —0U,(x)/0* is the conjugate force to /¥
The excess conjugate force is then

oU,(x)  /oU,\] _ dlnpi(x)
oM oM o

31,00 = -| (s)

2

Thermodynamic geometry—In the slow-driving limit,
the excess work, defined as the work [Eq. (1)] minus the
equilibrium free energy difference W, = W — AF, is [65]

Woli] ~ [ o)

where

guwzlﬂmwwmna@m%ﬂ (10)

is the symmetric positive-definite [32] friction tensor. Here,
(-)51 denotes an equilibrium average (i.e., X(0) ~ p}, and
trajectories undergo Langevin dynamics [Eq. (3)] with
constant A).
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Remarkably, the friction tensor induces a Riemannian
geometry on control space (M, g) known as “thermody-
namic geometry,” with squared thermodynamic length
between A4,z € M given by minimizing the path action

1 da
T?(A4,25) = min / L(A(s)) ds
(s 25) A<s>xe[o,u{ o ds ds (4(s))

satisfying 1(0) = 4, A(1) = /IB}. (11)

In the slow-driving limit, optimal protocols A*(#) connect-
ing 4; and A, in time 7 are time-rescaled versions of
geodesics of Eq. (11), and the optimal excess work scales
inversely with protocol time Wy, ~ T%(4;,4¢)/7 [65,66].

|

apy
Wilpa. pgl = N / {/ /ps (x)|Vepy(x) > dx ds satlsfymg

Here, p,(-)|seo,1] is a trajectory of configuration space
probability densities P(R?) [67], and ¢,(- N s a
trajectory of scalar fields that yield gradient velocity fields
v, = —V¢, satisfying the continuity equation d,p, = =V -
(psvs) [68]. This so-called Benamou-Brenier formulation
of optimal transport [Eq. (12)] reveals a Riemannian
structure on the space of probability distributions known
as Otto calculus [42—-44]: on this manifold of probability
distributions M = P(R?), a “point” is a probability dis-
tribution p € M, a “tangent space vector” is a gradient
velocity field identifiable (up to a constant offset) by a
scalar field ¢ €7,(M), and geodesics are the argmin
of Eq. (12).

For overdamped dynamics, the work-minimizing proto-
col satisfying boundary conditions p(-,0) = p;* and
p(-7) =p§' is a time-scaled solution of Eq. (12) for
pa = pi', pg = py, assuming sufficiently expressive con-
trol (described in the following paragraph) [39]. [See the
Supplemental Material (SM) for a concise derivation [69].]
From the continuity equation form of dp(-,¢)/dt [Egs. (4)
and (6)], the optimal protocol A*(¢) for finite time 7 can be
expressed in terms of p; and ¢; that solve Eq. (12), as
satisfying (up to a constant offset)

Up () = =Inpjy,(x) + =g, (). (13)
The first term corresponds to the Benamou-Brenier geo-
desic p}, and the second one with ¢} is a counterdiabatic
term that drives the probability distribution solving Eq. (4)
to match the geodesic p(, 1) = pj,, (see [72]).

Remarkably, this solution is exact for any finite z, and it
provides a geometric interpretation for these work-
minimizing protocols as optimal transport geodesics

While this geometric framework is both mathematically
elegant and computationally tractable, geodesic protocols
are fundamentally approximate; their performance often
degrades for sufficiently small protocol times, in some
cases performing even worse than a linear interpolation
protocol [27].

Optimal  transport  geometry—QOptimal  transport
is traditionally formulated as finding the transport map
sending a distribution p, to another py that minimizes an
integrated (L?) squared distance. This minimal integrated
squared distance defines the squared L2-Wasserstein
metric distance between probability distributions, which
was shown in [41] to also be the minimum of a path
action

V- (p;Vy).po = pa.p1 = PB}- (12)

|
connecting p! to pil. Through the time-scaling ¢ = s,
it follows that W3, = W3[p4, p5 ) 1) /7 is a tight lower bound
for excess dissipation in this additionally constrained
setting [74,75]. However, there are two important caveats
to this approach: first, solving Eq. (12) involves PDEs on
configuration space, which generally for dimension d 2 5
is computationally intractable (although, see [76-79] for
sophisticated modern machine learning methods, as well as
[58]). Second, the control parameters must be sufficiently
expressive in the sense that for all 7 € (0, 7) there has to be a
A € M that satisfies Eq. (13). Worse yet, there might not be
any admissible protocols that can satisfy the terminal
constraint p(-,7) = p;' [58].

Without the terminal condition, this problem is no longer
overconstrained. The optimal excess work can be expressed
as a minimum over p; = p(-,7) (see the SM [69]),

Wex = min Wilpit,pfl/7 + D (pflpf?),  (14)

where the additional KL-divergence cost

(x)
Tk (15)

is the dissipation from the equilibration p; — p‘}q that
occurs for > 7 (see [80]). Optimal protocols A*(¢) are

also obtained via Egs. (12) and (13), but now with p, = p:*
and pp = pj that minimizes Eq. (14). Without the restric-

P
Dxy1.(palpg) = /PA(X) In“2
PB

tive terminal constraint, protocols that approximate
Eq. (13) are allowed (in the case of limited expressivity),
and may be near-optimal in performance [29,34].
Demonstrating equivalence of geometries—We start by
expressing Eq. (10) with the time propagator (e.g., see
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Chapter 4.2 of [63])
Gu () = / ” / PI)8f,(x) e 5, (x) dxde
- / P LL B0 de. (16)

The second line comes from taking the time integral, where
the inverse operator {£]}~! is defined in terms of a
properly constructed Green’s function [Eq. (40) in [84]].
This expression is the lowest order tensor found in a
perturbative expansion of the Fokker-Planck equation [84].

|

T*(A4,25) = min
(A B) /1(“‘>~(/’.\-‘se[0.l

This is our first major result: this expression is equivalent
to the squared L2-Wasserstein distance [Eq. (12)] with the
constraint that ps|se[0’1] is a trajectory of equilibrium
distributions p3 [;(o,1)- In other words, thermodynamic
geometry induced by the friction tensor [Eq. (10)] on M is
equivalent to optimal transport geometry restricted to the
equilibrium distributions P} (RY) corresponding to M
[85], and thus share the same geodesics and geodesic
distances.

Up until now, thermodynamic geometry has prescribed
optimal protocols as friction tensor geodesics joining 4; and
As, which are approximate for finite 7. Optimal transport
solutions require solving PDEs, but yield exact optimal
protocols containing both geodesic and counterdiabatic
components [Eq. (13)]. Our unification of geometries
suggests that thermodynamic geometry protocols may be
made exact by including a counterdiabatic term.

Geodesic-counterdiabatic  optimal — protocols—From
here we consider the control-affine parametrization [86]

U/l(x) = Uﬁxed(x) + Uoffsel(}“) + }“”Uy (x)’ (19)

and control space e M =R™. It follows from the
equivalence of thermodynamic and optimal transport
geometries that the optimal protocol should have the form

(1) = y(t/7) + 7 'n(t/7), (20)

namely the sum of a geodesic term and a counterdiabatic
term that correspond to the two terms in Eq. (13), where
Pilsep.a) and @5l o) solve Eq. (12) with py = p;* and
pp = pj from Eq. (14). Here, y(s) will be a geodesic of g(4)
joining y(0) = 4; to y(1) = y;, where

By formally defining ¢, = {E;}‘léfﬂ as (up to a
constant offset) the scalar field solving leqﬁ” = 0f,, it is
straightforward to show with Egs. (7) and (8) that, for any
protocol A(s)|, e 0.1]>

a/),e{?‘) e da*
s) . q o
Fra V (p/l(s) V¢,), where ¢ (x) = &

$u(x). (17)

Applying 8f, = L]¢, and Eq. (7) to Eq. (16) shows
that the thermodynamic distance [Eq. (11)] may be
expressed as

cq

S

Ll 0Py e
{/0 /pl?s)(X)IVrﬁs(X)Izdxds satisfying ;()=V'(pi?s>V¢s),/1(0)=/1A,/1(1)=/13}- (18)
]

Yy = arg mﬁin T*(4,2) /7 + Dk (p3' 107 (21)
We show in Appendix A that the counterdiabatic term is

) =0 Nae) |12 @)

where, intriguingly, & is the Fisher information

metric [87]
o (2) = / P, W6f, () dx, (23)

which also induces a Riemannian geometry on the space of
parametric equilibrium probability distributions (M, h)
known as “information geometry” [59-61]. Equation (22)
is exact in cases of sufficient expressivity [i.e., when Eq. (13)
can be satisfied]; otherwise, 7(s) is the full solution projected
onto M.

This is our second major result: the equivalence be-
tween thermodynamic and optimal transport geometries
implies that optimal protocols beyond linear response
require counterdiabatic forcing, and can be obtained
for control-affine potentials [Eq. (19)] [88] via the
following:

Algorithm 1. Geodesic-counterdiabatic opt. protocols for
control-affine potentials [Eq. (19)].

Input: 4;, 4, protocol time 7, metrics g”,,(/l), My, (1) [Egs. (10),
(23)], KL divergence DKL(-|p7,q) [Eq. (15)].

1: Solve geodesic 7(s) s po,1] connecting y(0) = 4; and (1) = s
[obtained from Eq. (21)] under g,,.

2: Calculate counterdiabatic term 5(s) = h~'g[dy/ds].

3: Return optimal protocol 4*(¢) = y(t/7) + 7 'n(t/7).
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We emphasize that this procedure does not require
solving any configuration-space PDEs. Moreover, in the
limit 7 — oo, the counterdiabatic component in Eq. (20)
vanishes and Eq. (21) is solved by y; =4y, and thus
geodesic protocols from thermodynamic geometry are
reproduced.

Examples—We show in Appendix B that Algorithm 1
reproduces exact optimal protocols solved in [19] for
controlling a parametric harmonic potential. Figure 1
illustrates an optimal protocol for U,(x) = Ax?/2. Notice
that at r = 0 the counterdiabatic term is suddenly turned on,

fast wimE = 0.2 == T = 500.0
7 = 0.0001 = o= 1.0 m— geodesic
T = 0.05
11 @ d (c) [
*" " ay, > "

"-_.—--'—‘ ] %
4 _.—) = opt % - 20 S:

o
1 -
< 01
—1 4
1 I 1 1 I 1
0.0 0.5 1.0
s=t/T
104 1
7(s)
102 o[’
T -1
100 2.5
n(s) (g
102 T T 0.0
-1 0 1 0.0 0.5 1.0
A s
FIG. 2. (a) Exact optimal protocols obtained in [27] from

solving PDEs, for the linearly biased double well [Eq. (24);
Ey = 16] for different protocol durations 7 including the fast
protocol 7 — 0 [26] (solid yellow) and the friction tensor
geodesic protocol (dark purple). (b) Geodesic-counterdiabatic
protocols numerically obtained from Algorithm 1. (c¢) Geodesic-
counterdiabatic protocols (blue stars) outperform the geodesic
protocol (red circles) for all z; cf. performance of exact optimal
protocols (black). We examine the reduction in performance at
7 ~ 2 inthe SM [69]. (d) The = = 1 protocol numerically obtained
via Algorithm 1 (here y, = 0.0291), same coloring as Fig. 1.
(e) The friction and Fisher information tensors yield (f) the
geodesic y(s) (here 4, = —1, 1z = 1) and (g) the nonmonotonic
counterdiabatic forcing 7(s).

while at 1 =17 the geodesic ends at y;# i, and the
counterdiabatic term is suddenly turned off. Seen in this
light, the discontinuous jumps in optimal protocols A* ()
arise from the sudden turning on and off of counterdiabatic
forcing, and the discontinuity of the geodesic at t = 7. We
note that starting in equilibrium at t =0 and suddenly
ending control at t =7 are both unnatural in biological
settings; these generic discontinuous jumps can be seen as
artifacts of the imposed boundary conditions.

Surprisingly, nonmonotonic optimal protocols have been
found for the linearly biased double well [27]

Uj(x) = Eo[(x* = 1)*/4 = 4], (24)

for certain values of E, and 7 [e.g., 7 = 0.2 in Fig. 2(a) for
Ey = 16]. Figure 2(b) illustrates protocols numerically
obtained from Algorithm 1 (details given in the SM
[69]). Because of the limited expressivity of the controls,
these protocols are not identical to the exact optimal
protocols obtained by solving PDEs [27] [Fig. 2(a)].
However, they reproduce significant properties (e.g., dis-
continuous jumps and nonmonotonicity, becoming exact in
7 — 0 and 7 - o), and lead to improved performance over
geodesic protocols [Fig. 2(c)]. Figure 2(d) illustrates the
nonmonotonic 7 = 1 protocol as a sum of geodesic and
counterdiabatic terms. The tensors g and A [Fig. 2(e)] yield
necessarily monotonic geodesics [Fig. 2(f)], and nonmo-
notonic counterdiabatic forcing [Fig. 2(g)] that leads to
nonmonotonic optimal protocols.

Discussion—We have demonstrated the equivalence
between overdamped thermodynamic geometry on M—
previously seen as an approximate framework—and L2
optimal transport geometry on equilibrium distributions
Pl (RY) c P(R?). The resulting geodesic-counterdiabatic
optimal protocols from Algorithm 1 are exact for para-
metric harmonic traps, and explain both the ubiquitous
discontinuous jumps and the nonmonotonic behavior
observed in optimal protocols.

We note that [57] presents a geodesic-counterdiabatic
PDEs approach for underdamped dynamics. Additionally,
underdamped optimal control has recently been related to a
modified optimal transport problem [89,90]. We expect that
the metric tensor in [57], the friction tensor [Eq. (10)] for
underdamped dynamics [66], and the optimal transport
specified in [89,90] may also be geometrically unified
through methods similar to ours.

An interesting future direction will be to apply our
findings to heat engines [9-12,38] and active matter
systems [18,91], which have been studied with approxi-
mate geodesic protocols. We hope that the insight that
minimal-work protocols require both geodesic and counter-
diabatic components will prove to be useful in under-
standing the cyclic and fundamentally nonequilibrium
processes that occur in biological systems.
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End Matter

Appendix A: Counterdiabatic driving expression—In
this appendix we derive our expression for the
counterdiabatic term [Eq. (22)]. Per definition, the
counterdiabatic term ¢ (x) = #*(s)U,(x) is constructed
to solve the continuity equation

C
9 V‘(]A‘)
as

W=V P VAL (AD
We can divide by p}(x) and plug in o lnp;‘(]s) =
[dy(s)/ds]éf,(x) to obtain

|

dy#
ds

which yields

dy#

alt D[ L] = b GO0, (a0

using the friction tensor and Fisher information metric
expressions Eq. (16) and Eq. (23). Optimal transport
geometry measures “horizontal” displacement while in-
formation geometry measures “vertical” displacement [92],
so g and A can be seen to give the conversion between the
left and right hand sides of Eq. (A1) [93].

Because the Fisher information metric is symmetric and
positive-definite (assuming [32]), we can apply its inverse
to Eq. (A4), thus reproducing Eq. (22).

Appendix B: Analytic reproduction of harmonic
oscillator optimal protocols—In this appendix we show
that Algorithm 1 exactly reproduces the optimal
protocols for harmonic potentials first found in [19].

We first consider a variable-center harmonic poten-
tial in one dimension U,(x) = (x —1)?/2, both the fric-
tion and Fisher information tensors are spatially constant
g(4) = f(4) = 1 due to translation symmetry. For any 4,
the KL divergence is given by Dy (p;'p}) =
L3 (x) In[p3?(x)/p3H(x)] dx = (A= 2;)*/2, while the
squared thermodynamic length is given by 72(1;,1) =
(A—2;)%>. Without loss of generality we fix A, =0.
Following Algorithm 1, we obtain y,; = (1+2/7)7'4;
with geodesic y(s) = sy;, and 5(s) = y,. Ultimately, this
yields the optimal protocol

() = /R+D)t+ 1/(2+7),
——— e

counterdiabatic

for r€(0,7), (Bl)

geodesic

(=050 (8F ol L] |80 dx = =) / (=P (8 F oL | 1L 8] () dx,

—=8fu(x) = =n*(s)[£] 8. (%), (A2)
where we have used the fact that U, (x) =—8&f,+ const, and
that the adjoint operator [Eq. (7)] satisfies q w+c]=
L} [y] for any scalar field y(x) and constant ¢ € R.

Because of the limited expressivity of available
controls in a given problem, it might not be possible to
satisfy Eq. (A2). However, this potential insolubi-
lity is resolved by applying a projection operator to
both sides

(A3)

l
which yields the original analytic solution reported by
Schmiedl and Seifert A*(¢) = A;(1 +1)/(2 + 7), Eq. (9) in
[19] (note that they use ¢ to denote protocol duration and 7
to denote time, which is swapped with respect to our
notation). However, we now have a refined interpretation of
this optimal protocol, as consisting of a geodesic compo-
nent that connects 4; to y; # A, and a counterdiabatic
component necessary to achieve the geodesic trajectory for
finite protocol durations 7.

We now solve for the optimal protocol for a variable-
stiffness harmonic trap U,(x) = Ax*/2. We will defer
solving for y, until after obtaining the analytic form for
A*(t). The friction tensor for this potential has previously
been shown to be g(4) = 1/44% [65], and the Fisher infor-
mation metric can be calculated to be h(1) = (x*/4)51-
((x2/2)5%)% = 1/22%. As shown in [65], by switching to
standard deviation coordinates ¢ = A~1/2, the friction
tensor is constant j(o) = 1, and thus geodesics are ¢(s) =
(1 — 5)o,4 + sop with thermodynamic length 7% (64, 05) =
(65 — 64)% where 6, = 27"/* and o = y}l/z. This yields
the geodesic

v(s) =[(1=s)ox + sop]72, (B2)

with the corresponding counterdiabatic term given by

n(s) = (o4 —op)/[(1 = 5)o4 +s05].  (B3)

Plugging these into A*(¢) = y(t/7) + 7~ '5(t/7) leads to the
interpretable optimal protocol expression

A1) =[1/o" (1)) + 77" [Ac/0" (1)].

geodesic

(B4)

counterdiabatic
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where ¢*(f) = 0; + (t/7)Ac is the linear interpolation

between the endpoints ¢; = /1,-_1/ % and o;+ Ao = y;l/ 2,
Finally we solve for y; via
yp=arg m/lin T34, ) /7 + Dx(p3'|P7),  (BS)

using 72(4;, 2) = (7% = 271/2)2 (recall that 2712 = & is
the standard deviation) and Dy (p3"[p5") = (1/2)[(47/4 —
1)+ In(2/4;)] [94]. This yields

yf = (\/1 + 211'1' +/1i)“f7’-2 - 1)2//11'727 (B6)

or when expressed in ¢ coordinates

14 A7 — /1 + 4t + A7

Ao = o
7 2+ Age

(B7)

Substituting this expression into Eq. (B4) reproduces the
exact optimal protocol, Egs. (18) and (19) in [19]. (Note
that they use ¢ to denote protocol duration and 7 to denote
time, which is swapped with respect to our notation).

Figure 1 illustrates the obtained exact optimal protocol
for this problem [Eqgs. (B4) and (B7)] as a sum of geodesic
and counterdiabatic components. This clarifies the origin of
the jumps in optimal protocols: at ¢ = 0, the counter-
diabatic component is suddenly turned on, and at r = 7 it is
abruptly turned off.
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