
Physics of Computation



“Von Neumann” computing architecture

data
address

CPU

Memory



From “After Moore’s Law,” The Economist, March 2016



Brains  vs.  machines

“the brain doesn’t do things 
the way an engineer would”

“we needn’t be constrained by 
the way biology does things”

How to compute with nanoscale, low-
power, stochastic circuit components?

Brain-like functions are more 
probabilistic in nature and use 
different data representations.

THE END OF MOORE’S LAW

16  March/April 2017

using analog computation instead, which degrades 
gracefully, the brain tolerates errors in its digital 
communication. !is tolerance enables it to activate 
just 20 stochastic, single-lane, nanoscale devices 
per elementary operation (Figure 4), which is just 
20 fJ/op. !us, 20 W su"ces to convey spikes to 
and graded potentials from each of the brain’s 1015 
synapses once per second. !e tradeo#s between 
analog and digital signal choices in communication 
and computation can be quanti$ed using informa-
tion theory and thermodynamics.

For communication, using many error-prone, 
low-energy, channels—as brains do—is more 
energy-e"cient than using a few pristine, high-
energy, channels—as computers do—because the 
information conveyed decreases only logarith-
mically as signal energy decreases. In the 1940s, 
Claude Shannon came up with a quantitative mea-
sure for information and derived the capacity of a 
communication channel in bits of information per 
second.5 Each signal the channel conveys carries a 
certain number (b) of information bits. !is num-
ber grows logarithmically (b = ½log2

 (1 + E/kT )) 
with the ratio of signal energy (E) to noise energy 
(kT, for thermal noise). !is expression was derived 
for a channel with additive, white Gaussian noise.  
!e number of signals conveyed per second grows 
linearly with bandwidth (B). !eir product gives 
the channel capacity (C = Bb). Notice that, for E 
≫ kT, the number of bits a signal carries drops by 
only one when its energy decreases a little more 
than fourfold—for example, it drops from two 
to one when signal energy decreases from 15kT to 
3kT. Hence, energy e"ciency (b/(E + kT )) doubles, 
increasing from ⅛ to ¼ bits per kT. Note, how-
ever, that two of these low-energy channels are 
needed to match the high-energy channel’s capac-
ity, taking up more space. !e complete space-
energy-bandwidth tradeo# has been analyzed for 

Figure 3. Signal choices for communication and 
computation. Communication moves operands and 
results around while computation combines operands 
to produce results. Analog computers (upper left) use 
analog signals to compute as well as to communicate, 
whereas digital computers (lower right) use digital 
signals to compute as well as to communicate. In 
contrast, the brain (lower left) uses analog signals to 
compute and digital signals to communicate. Using 
analog signals to communicate and digital signals to 
compute (upper right) hasn’t been explored. (Digital 
computer source: US Army, public domain.)
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Figure 1. Planar and 3D transistors. In a planar 
transistor (left), electrons (red) travel along one side of 
a piece of silicon, from source (brown) to drain (brown). 
Their flow is controlled by voltage applied to the gate 
(black), which is insulated from the channel by a thin 
layer of silicon-dioxide (medium gray). In a 3D transistor 
(right), electrons travel along three sides of a “fin” 
protruding from the surface.
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Figure 2. Transistors per dollar. Manufacturing advances continue to shrink 
transistors’ dimensions over time (gate length given). Since 2014, however, a 
dollar no longer buys more transistors every year—or two—halting a half-century 
trend dubbed Moore’s law. (Source: the Linley Group, used with permission.)
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The fact that we can build devices that implement the same 
basic operations as those the nervous system uses leads to 
the inevitable conclusion that we should be able to build 
entire systems based on the organizing principles used by 
the nervous system. —Carver Mead (1990)

I 

an electrical node somewhere, and it does not leak over to 
someother node nearby. In the nervous system, that energy 
barrier i s  built by the difference in the dielectric constant 
between fat and aqueous solutions. In electonics, it i s  built 
by the difference in the bandgap between silicon and si l -  
icon dioxide. 

We do basic aggregation of information using the con- 
servation of change. We can dump current onto an elec- 
trical node at any location, and it all ends up as charge on 
the node. Kirchhoff’s law implements a distributed addi- 
tion, and the capacitance of the node integrates the current 
into the node with respect to time. 

In nervous tissue, ions are in thermal equilibrium with 
their surroundings, and hence their energies are Boltz- 
mann distributed. This distribution, together with the pres- 
ence of energy barriers, computes a current that i s  an expo- 
nential function of the barrier energy. I f  we modulate the 
barrier with an applied voltage, the current will be an expo- 
nential function of that voltage. That principle i s  used to 
create active devices (those that produce gain or amplifi- 
cation in signal level), both in the nervous system and in 
electronics. In addition to providing gain, an individual 
transistor computes a complex nonlinear function of i t s  
control and channel voltages. That function i s  not directly 
comparable to the functions that synapses evaluate using 
their presynaptic and postsynaptic potentials, but a few 
transistors can be connected strategically to compute 
remarkably competent synaptic functions. 

Fig. l(a) and (b) shows the current through a nerve mem- 
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Fig. 1. Current-voltage plots for several important devices, 
each showing the ubiquitous exponential characteristic. 
Curves A and 6 show the behavior of populations of active 
ion channels in nerve membrane. Curve C illustrates the 
exponential dependence of the arrival rate of packets of the 
neurotransmitter at the postsynaptic membrane on the pre- 
synaptic membrane potential. Curve D shows the saturation 
current of a MOS transistor as a function of gate voltage. 

brane as a function of the voltage across the membrane. A 
plot of the current out of a synapse as the function of the 
voltage across the presynaptic membrane i s  shown in (c). 
The nervous system uses, as i t s  basic operation, a current 
that increases exponentially with voltage. The channel cur- 
rent in atransistor as afunction of thegatevoltage is  shown 
in (d). The current increases exponentially over many orders 
of magnitude, and then becomes limited by space charge, 
which reduces the dependence to the familiar quadratic. 
Note that this curve i s  hauntingly similar to others in the 
same figure. What class of computations can be imple- 
mented efficiently using expontential functions as primi- 
tives? Analog electronic circuits are an ideal way to explore 
this question. 

Most important, the nervous system contains mecha- 
nisms for long-term learning and memory. All higher ani- 
mals undergo permanent changes in their brains as a result 
of life experiences. Neurobiologists have identified at least 
one mechanism for these permanent changes, and are 
actively pursuing others. In microelectronics, we can store 
a certain quantity of charge on a floating polysilicon node, 
and that charge will be retained indefinitely. The floating 
node is completely surrounded by high-quality silicon diox- 
ide-the world’s most effective known insulator. We can 
sense the charge by making the floating node the gate of 
an ordinary MOS transistor.This mechanism has been used 
since 1971 for storing digital information in EPROM’s and 
similar devices, but there i s  nothing inherentlydigital about 
the charge itself. Analog memory comes as a natural con- 
sequence of this near-perfect charge-storage mechanism. 
A silicon retina that does a rudimentary form of learning 
and long-term memory is  described in the next section [2].  
This system uses ultraviolet light to move charge through 
the oxide, onto or off the floating node. Tunneling to and 
from the floating node i s  used in commercial EEPROM 
devices. Several hot-electron mechanisms also have been 
employed to transfer charge through the oxide. The ability 
to learn and retain analog information for long periods i s  
thus a natural consequence of the structures created by 
modern silicon processing technology. 

The fact that we can build devices that implement the 
same basic operations as those the nervous system uses 
leads to the inevitable conclusion that we should be able 
to build entire systems based on the organizing principles 
used by the nervous system. I will refer to these systems 
generically as neurornorphic systems. We start by letting 
the device physics define our elementaryoperations. These 
functions provide a rich set of computational primitives, 
each a direct result of fundamental physical principles. They 
are not the operations out of which we are accustomed to 
buildingcomputers, but in manyways, they are much more 
interesting. They are more interesting than AND and OR. They 
are more interesting than multiplication and addition. But 
they are very different. If we try to fight them, to turn them 
into something with which we are familiar, we end up mak- 
inga mess. So the real trick i s  to inventa representation that 
takesadvantageof the inherent capabilities of the medium, 
such as the abilities to generate exponentials, to do inte- 
gration with respect to time, and to implement a zero-cost 
addition using Kirchhoff’s law. These are powerful primi- 
tives; using the nervous system as a guide, we will attempt 
to find a natural way to integrate them into an overall sys- 
tem-design strategy. 
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Neuromorphic computing



Lessons from the Early Days of Semiconductors - Carver Mead - 4/24/2019

https://www.youtube.com/watch?v=qhJaq3kl6Dc&feature=youtu.be



All of these things are related by the same 
fundamental physical law…

Nernst potential (aka ‘reversal potential’)

Current-voltage relation of voltage-gated channels

Current-voltage relation of MOS transistor
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Its the Boltzmann distribution!

Example:  atmospheric pressure vs. elevation

or, for charge in an 
electric field:



Voltage-gated channels



Et = transition energy 
E0 = transition energy at V=0



MOS transistor



I = I0 e
� q Vgs

kT (1� e
q Vds
kT )

Vgs = gate-source voltage 
Vds = drain-source voltage
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HI horizontal cells connected via gap junctions



Hyperpolarization of photoreceptor results in
hyperpolarization of horizontal cells



Hyperpolarization of horizontal cell results in
depolarization of photoreceptors

--



Hyperpolarization of horizontal cell spreads to
other horizontal cells via gap junctions
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Lateral inhibition
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Lateral inhibition



Analog VLSI retina
(Mead & Mahowald, 1989)



Analog VLSI retina
(Mead & Mahowald, 1988)
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Analog VLSI (or neuromorphic computing) exploits 
intrinsic transistor physics and laws of electronics 

(Kirchhoff’s law, Ohm’s law) to do computation 



3D RRAM crossbar array



in the figure can perform MVM with open loop, i.e., by applying a
voltage vector V to the columns and measuring the current vector
I at the rows without the row-column connections enabled by the
operational amplifiers (OAs), which is shown in SI Appendix, Fig.
S3. The measured currents yields the dot product I = A·V between
the applied analog voltages and the matrix A of the RRAM
conductance values in the cross-point array. The results evidence a
small error generally below 8%, mostly arising from the non-
linearity of conductance in cross-point resistive devices. This is in
line with previous results, where the MVM accuracy appeared
satisfactory (5), although not aligned with single- and double-
precision full digital operation.
The MVM operation is a consequence of physical Ohm’s law

I = G·V, where G is the device conductance, V is the applied
voltage, and I is the measured current (Fig. 1B, Top). On the
other hand, the inverse operation V = −I/G can be obtained for a
given I and G, simply by forcing the current I at a grounded node
of the resistive device and measuring the potential V at the
second node. This physical division is accomplished by the
transimpedance amplifier (TIA) in Fig. 1B (Bottom), where
the current is injected at the inverting-input node of an OA, and
the feedback conductance G connects input and output nodes
of the OA. The differential input voltage V+ − V− at the OA is
minimized by the high gain of the OA, thus establishing a virtual
ground (V− = 0) at the inverting-input node (24, 25) and en-
abling the physical division. This provides the basis for the circuit

in Fig. 1A, which solves a system of linear equations expressed by
the matrix formula:

A x= b, [1]

where A is a nonsingular square matrix mapped with conduc-
tance values of cross-point RRAM devices, b is a known vector,
and x is the unknown vector. In this circuit, the input currents
I = −b are applied to cross-point rows connected to the virtual-
ground nodes of the OAs. As a result, currents are forced to
automatically distribute among the resistive elements in the
cross-point array, to establish an output potential V satisfying

A·V + I = 0, [2]

which implies V = −A−1·I = x. A circuit similar to the one in Fig.
1A was previously presented in the report of the International
Roadmap for Devices and Systems (25) and suggested by ref. 26,
although no demonstration was shown regarding the ability to
solve a linear system by either experiments or simulations.
To demonstrate the concept of Fig. 1A, we measured the

output voltages in the 3 × 3 RRAM cross-point array of Fig. 1A,
where the conductance matrix is also shown. All of the matrices
adopted in the experiments of this work are reported in SI Ap-
pendix, Table S1. A current vector [I10; I20; I30] with I10 = 20 μA,
I20 = 100 μA, and I30 = 100 μA, was applied to the array rows,
and the resulting potential at the array columns, i.e., [V10; V20;
V30], was measured, as shown in Fig. 1C. The good agreement
(with relative errors within 3%) with the analytical solution
supports the functionality of the feedback circuit of Fig. 1A for
solving the matrix equation in Eq. 1. The circuit was further
demonstrated by linearly changing the input currents according
to Ii = β Ii0, where i = 1, 2, or 3, and β was changed uniformly in
the range from −1 to 1. Results are reported in Fig. 1D, showing
the measured output voltages compared with the analytical so-
lutions x = A−1b. The error remains below 10% for jβj > 0.5 (SI
Appendix, Fig. S4). Notably, Eq. 1 is physically solved in just one
step thanks to the physical MVM in the cross-point array and to
the feedback connection forcing the virtual ground at cross-
point rows.
The same concept can be extended to compute the inversion of

a matrix A satisfying AA−1 = U, where U is the unit matrix. The ith
column of A−1 can be measured as the output voltage when the ith
column of U is applied as an input, thus realizing matrix inversion
in N steps. Fig. 1E shows the measured elements of A−1 compared
with the analytically solved inverse-matrix elements, and the rel-
ative errors are calculated in SI Appendix, Fig. S5. Fig. 1E (Inset)
shows that the experimental product AA−1 well approximates U,
which further supports the computed matrix inversion.
The circuit of Fig. 1A is essentially a matrix-inversion opera-

tor, which can be utilized to solve linear systems and matrix in-
versions, while a cross-point array without feedback is a matrix
operator, which can be naturally used to perform MVM. Since
the matrix-inversion circuit is a negative feedback system, the
stability of the output voltage requires that the loop gain (Gloop)
of every feedback loop is negative (27). The analysis reveals that
the condition Gloop < 0 is satisfied when the signs of the diagonal
elements of A−1 are all positive (SI Appendix, Fig. S6). Following
this guideline, a system of linear equations and the inversion of a
5 × 5 matrix have been solved, with the matrix implemented in a
cross-point array of discrete resistors. The small relative error
around few percent in this ideal case with discrete resistors evi-
dences that a high accuracy might be achieved with accurate and
linear resistive memory devices (SI Appendix, Fig. S7).

Solving a Linear System with Positive and Negative Coefficients.
Since conductance can only be positive in a resistive element,
the scheme of Fig. 1 can only solve linear systems with a positive

A B

C D E

Fig. 1. Solving systems of linear equations with a cross-point array of re-
sistive devices. (A) Cross-point circuit for solving a linear system or inverting a
positive matrix. RRAM elements (red cylinders) are located at the cross-point
positions between rows (blue bars) and columns (green bars). (Inset, Right)
Experimental conductance values mapping the elements of matrix A. The
transformation units between the real-valued matrices/vectors and the
physical implementations were G0 = 100 μS, V0 = 1 V, and I0 = 100 μA for
RRAM conductance, input/output voltage, and output/input current, re-
spectively. The other cases also follow this convention if not specified. (B)
Circuits to calculate a scalar product I = G·V by Ohm’s law, and to calculate a
scalar division V = −I/G by a TIA. (C) Measured solution to a linear system
with an input current vector I = [0.2; 1; 1]I0. The experimental output volt-
ages give a solution very close to the analytical one. (D) Measured solution
to the linear systems, namely output voltages, as functions of parameter β
controlling the input current given by I = β·[0.2; 1; 1]I0 with −1 ≤ β ≤ 1. The
experimental solutions (color circles) are compared with analytical solutions
(color lines) of the system, supporting the accuracy of the physical calcula-
tion. (E) Experimental matrix inverse A−1, namely measured output voltages
in three subsequent experiments with input current I = [1; 0; 0]I0, [0; 1; 0]I0,
and [0; 0; 1]I0, respectively. The analytical solution is also shown. (Inset)
Matrix product AA−1 is very close to the unit matrix U, thus supporting the
experimental inversion.

4124 | www.pnas.org/cgi/doi/10.1073/pnas.1815682116 Sun et al.

D
ow

nl
oa

de
d 

at
 U

ni
ve

rs
ity

 o
f C

al
ifo

rn
ia

 D
ig

ita
l L

ib
ra

ry
 o

n 
N

ov
em

be
r 8

, 2
01

9 


