Going from Symbols to Scalars

VSA Formulation
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Encoding real numbers via fractional binding

Key idea 1: Represent any number x, by binding z x times with itself:

Z(CC):Z@---@Z:ZZE

x=0
T.A. Plate, “Holographic Recurrent Networks,” Advances in Neural Information Processing Systems (NIPS), pp. 34-41, 1992. 2

T.A. Plate, “Distributed Representations and Nested Compositional Structure,” University of Toronto, PhD Thesis, 1994.



Encoding real numbers via fractional binding

Key idea 1: Represent any number x, by binding z x times with itself:

z(x)=zO---Oz=12"
—_—
X times

Key idea 2: Extend this definition to support encoding of non-integer x
values «=0.00

OO0

T.A. Plate, “Holographic Recurrent Networks,” Advances in Neural Information Processing Systems (NIPS), pp. 34-41, 1992.
T.A. Plate, “Distributed Representations and Nested Compositional Structure,” University of Toronto, PhD Thesis, 1994.



Fractional binding creates a similarity-
preserving encoding (kernel)
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Representing functions with support points

K(x)

A function:
Z ()z;, T‘ — 7“;,

is represented as a vector:

5%K(x-2) + 3*K(x-1) + K(x)
yr = E aRZ(TE)



Representing functions with support points

A function:
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https://en.wikipedia.org/wiki/Whittaker%E2%80%93Shannon_interpolation_formula
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Application: regression with sinc
kernels
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Manipulating functions in VFA

e Point-wise readout of a function £(s) = (f.K.) =y a(s)
e Point-wise addition Yf+g =Yf+¥g
e Function shifting Yg =Yy oa(r)

f(x) = g(x) = f(x + 1)
: . ey = I F CNé
e Function convolution Jxg = ST =g

9 =V
e Overall similarity between functions f:9) =YY



Representing images in VFA
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Phase distribution of the base vector
determines similarity kernel
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et S N 2
n 128 512 | 2048

>>%>

T
N
-

J/\
e
N



Binding FPEs to produce multi-
dimensional kernels

Z\r

A Samples from
phase distribution
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Periodic 2D kernels (Lattices)
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How to map VFA onto neural circuits?

2. Map amplitudes to firing rate

1. Use sparse high-dimensional vectors and phases to spike timing
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Frady, E.P., Sommer, F.T. (2019) Robust computation with rhythmic spike patterns. PNAS 116(36) 18050-59.
M. Laiho, et al., “High-Dimensional Computing with Sparse Vectors,” IEEE Biomedical Circuits and Systems Conference (BioCAS), 2015.

E. P. Frady, et al., “Variable Binding for Sparse Distributed Representations: Theory and Applications,” IEEE Transactions on Neural Networks and Learning 13
Systems, 2021.



Sparse Block-Codes

Due to M. Laiho, et al.

Seed HD vectors sparse random binary vectors {0,1}"

* n-dimensional HD vector is treated
as being constructed from blocks of size k ~

« Only one component is active in each block 1000011000100 10j001
* The total number of blocks is n/k
 Density of HD vector is k/n

Block sparse HD vector: n=18

Block: k=3

Binding: defined for block sparse HD vectors
* Cyclic shift within the blocks (but see next slide)

Superposition: component-wise addition
* Increases sparsity
* WTA within the blocks

Mika Laiho

M. Laiho, et al., “High-Dimensional Computing with Sparse Vectors,” IEEE Biomedical Circuits and Systems Conference (BioCAS), 2015.
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Sparse Block-Codes: binding
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* Binding: defined for block

a
sparse HD vectors O0®

* Cyclic shift within the blocks ‘ __________

* Circular convolution on blocks Qi: 8
Qu

M. Laiho, et al., “High-Dimensional Computing with Sparse Vectors,” IEEE Biomedical Circuits and Systems Conference (BioCAS), 2015. 2
E. P. Fradv. et al.. “Variable Binding for Snarse Distributed Representations: Theorv and Applications.” IEEE Transactions on Neural Networks and Learning Svstems. 2021.
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An encoding model of hippocampus predicts place fields and
phase precession
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Frady, P., Kanerva, P., & Sommer, F. (2018). A framework for linking computations and rhythm-based timing patterns in neural firing, such as phase
precession in hippocampal place cells. In Proceedings of the Conference on Cognitive Computational Neuroscience.

16



