
Today’s lecture

• Orthogonality

• Review of HD algebra

• Visual working memory/attention

• Factorization

• Visual analogies (Spencer/Navneedh)



Random HD vectors are nearly orthogonal

normalized Hamming distance



Computing with high-dimensional vectors

Kanerva P  (2009)  Hyperdimensional Computing:  An Introduction to Computing in Distributed 
Representation with High-Dimensional Random Vectors.  Cognitive Computing, 1: 139-159.

Concepts, variables, attributes are represented 
as high-dimensional vectors (e.g., 10,000 bits)

Three fundamental operations:

• multiplication (binding)

• addition         (combining)

• permutation   (sequencing)

Approximates a field
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s = [x + y + ... ]

<latexit sha1_base64="yCb/1qj2oVYcuIiccXHVIvGg0hM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoiii6LblxWsA9oQ5lMJ+3QyUyYmagl9lPcuFDErV/izr8xabPQ1gMDh3Pu5Z45fsSZNo7zbRVWVtfWN4qbpa3tnd09u7zf0jJWhDaJ5FJ1fKwpZ4I2DTOcdiJFcehz2vbH15nfvqdKMynuzCSiXoiHggWMYJNKfbvcUyNZ7YXYjPwgeZyelPp2xak5M6Bl4uakAjkaffurN5AkDqkwhGOtu64TGS/ByjDC6bTUizWNMBnjIe2mVOCQai+ZRZ+i41QZoECq9AmDZurvjQSHWk9CP53MMupFLxP/87qxCS69hIkoNlSQ+aEg5shIlPWABkxRYvgkJZgolmZFZIQVJiZtKyvBXfzyMmmd1tzzmnN7Vqlf5XUU4RCOoAouXEAdbqABTSDwAM/wCm/Wk/VivVsf89GCle8cwB9Ynz+j85OX</latexit>

⇢(x)

<latexit sha1_base64="3WoI7NC5w1iiJGC3fyogU84u+kY=">AAACOXicbVDLSsNAFJ3UV42vqEs3wSIIlpCIohuh6MZlBfuAJpTJZNIOnWTCzEQMIb/lxr9wJ7hxoYhbf8CkTcG2Hhg495x7mXuPG1EipGm+KpWl5ZXVteq6urG5tb2j7e61BYs5wi3EKONdFwpMSYhbkkiKuxHHMHAp7rijm8LvPGAuCAvvZRJhJ4CDkPgEQZlLfa1pB1AOXT8V2VVvylFmM4/JafmY2fUTuz4tvVk3mbiGYdh1R1X7Ws00zDH0RWKVpAZKNPvai+0xFAc4lIhCIXqWGUknhVwSRHGm2rHAEUQjOMC9nIYwwMJJx5dn+lGueLrPeP5CqY/VvxMpDIRIAjfvLNYV814h/uf1YulfOikJo1jiEE0+8mOqS6YXMeoe4RhJmuQEIk7yXXU0hBwimYddhGDNn7xI2qeGdW6Yd2e1xnUZRxUcgENwDCxwARrgFjRBCyDwBN7AB/hUnpV35Uv5nrRWlHJmH8xA+fkFKuWtjQ==</latexit>

s = [c� x + d� y + ... ]or

<latexit sha1_base64="gcduCQp3EjECrRYSd14VC6GOGOQ=">AAACE3icbZDLSsNAFIYnXmu9RV26CRZBBEsiim6EohuXFewFmlgmk0k7dJIJMydiCXkHN76KGxeKuHXjzrcxaVPQ1h8GPv5zDnPO70acKTDNb21ufmFxabm0Ul5dW9/Y1Le2m0rEktAGEVzItosV5SykDWDAaTuSFAcupy13cJXXW/dUKibCWxhG1AlwL2Q+Ixgyq6sf2gGGvusnD+nFBEl6lxxZqS08ARMP0nJXr5hVcyRjFqwCKqhQvat/2Z4gcUBDIBwr1bHMCJwES2CE07Rsx4pGmAxwj3YyDHFAlZOMbkqN/czxDF/I7IVgjNzfEwkOlBoGbtaZr6ima7n5X60Tg3/uJCyMYqAhGX/kx9wAYeQBGR6TlAAfZoCJZNmuBuljiQlkMeYhWNMnz0LzuGqdVs2bk0rtsoijhHbRHjpAFjpDNXSN6qiBCHpEz+gVvWlP2ov2rn2MW+e0YmYH/ZH2+QM/4J8B</latexit>

x = c�1 � t

unbinding



Factorization



Factorization is central to perception and cognition

offers a complete description.)
Luminance, illuminance, and reflectance, are physical

quantities that can be measured by physical devices. There
are also two subjective variables that must be discussed.

Lightness is defined as the perceived reflectance of a sur-
face. It represents the visual system’s attempt to extract
reflectance based on the luminances in the scene. 

Brightness is defined as the perceived intensity of light
coming from the image itself, rather than any property of the
portrayed scene. Brightness is sometimes defined as per-
ceived luminance. 

These terms may be understood by reference to figure 24.7.
The block is made of a 2x2 set of cubes, each colored either
light or dark gray. We call this the “checker- b l o c k . ”
Illumination comes from an oblique angle, lighting different
faces differently. The luminance image can be considered to
be the product of two other images: the reflectance image
and the illuminance image, shown below. These underlying
images are termed intrinsic images in machine vision
(Barrow and Tenenbaum, 1978). Intrinsic image decomposi-
tions have been proposed for understanding lightness per-
ception (Arend, 1994; Adelson and Pentland, 1996)

Patches p and q have the same reflectance, but different
luminances. Patches q and r have different reflectances and
d i fferent luminances; they share the same illuminance.
Patches p and r happen to have the same luminance, because
the lower reflectance of p is counterbalanced by its higher

illuminance. 
Faces p and q appear to be painted with the same gray,

and thus they have the same lightness. However, it is clear
that p has more luminance than q in the image, and so the
patches differ in brightness. Patches p and r differ in both
lightness and brightness.

The problem of lightness constancy

From a physical point of view, the problem of lightness con-
stancy is as follows. An illuminance image, E(x,y), and a
reflectance image, R(x,y), are multiplied to produce a lumi-
nance image, L(x,y):

An observer is given L at each pixel, and attempts to
determine the two numbers E and R that were multiplied to
make it. Unfortunately, unmultiplying two numbers is
impossible. If E(x,y) and R(x,y) are arbitrary functions, then
for any E(x,y) there exists an R(x,y) that produces the
observed image. The problem appears impossible, but
humans do it pretty well. This must mean that illuminance
and reflectance images are not arbitrary functions. They are
constrained by statistical properties of the world, as pro-
posed by Land and McCann.

Note that Land and McCann’s constraints fail when
applied to the checker-block image. Figure 24.8(a) shows
two light-dark edges. They are exactly the same in the
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FIGURE 24.6  Variants on the Koffka ring. (a) The ring appears about
uniform. (b) When split, the two half-rings appear distinctly differ-
ent. (c) When shifted, the two half-rings appear quite different. FIGURE 24.7  The “checker-block” and its analysis into two intrinsic

images.

L(x,y) = E(x,y)R(x,y).
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Resonator Networks for factorizing HD vectors

Let

Problem:  You are given b, what are x, y and z?

Solution:  Resonate
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Figure 6: Operational capacity is dramatically higher for Resonator Circuits (blue and red above)
than for any of the benchmark algorithms. These points represent the size of factorization problem
that can be solved reliably.

3.2.1 Resonator Circuits have superior operational capacity

We estimated the operational capacity of Alternating Least Squares, Iterative Soft Thresh-
olding, Fast Iterative Soft Thresholding, Projected Gradient Descent, Multiplicative Weights,
and Map Seeking Circuits, in addition to the two variants of our algorithm. What is shown
in Figure 6 is the operational capacity estimated on several thousand random trials, where
we display Mmax as a function of N for both three-factor problems and four-factor prob-
lems. One can see that the operational capacity of Resonator Circuits is between

two and three orders of magnitude greater than the operational capacity of the

other algorithms. Each of the benchmark algorithms has a slightly different operational
capacity (due to the fact that they each have different dynamics and will, in general, find
different solutions) but they are all similarly poor compared to the two variants of Resonator
Circuit.

As N increases to 3,000 and beyond, the performance difference between the two variants
of the Resonator Circuit starts to disappear, ostensibly due to the fact that Xf

�
X

T
f Xf

��1
X

T
f ⇡

XfX
T
f . The two variants are different in general (and we have found that when the codevec-

tors have significant similarities the Ordinary Least Squares variant performs better), but
the simulations in this paper do not particularly highlight the difference between the two.

Except for Alternating Least Squares, each of the benchmark algorithms has at least
one hyperperparameter that must be chosen – we simulated many thousand random trials
with a variety of hyperparameter settings for each algorithm and chose the hyperparameter
values that performed best on average. We list these values for each of the algorithms in
the Appendix. Each of the benchmark algorithms converge on their own and the tunable
stepsizes make a comparison of the number of iterations non-standardized, so we did not
impose a maximum number of iterations on these algorithms – the points shown represent
the best the benchmark algorithms can do, even when not restricted to a maximum number
of iterations. In fact, we experimented with many algorithms beyond those shown here in an
attempt to find a competitive alternative to Resonator Circuits, but were unable to do so.
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Combinatorial capacity 
exceeds competing 

methods by two orders of 
magnitude

Frady EP, Kent S, Olshausen BA & Sommer FT (2020)  Resonator Networks,1: An efficient solution for factoring 
distributed representations of data structures.  Neural Computation, 32(12).

Kent S, Frady EP, Sommer FT & Olshausen BA (2020)  Resonator Networks outperform optimization methods at 
solving high-dimensional vector factorization.  Neural Computation, 32(12).

http://www.rctn.org/bruno/papers/resonator1.pdf
http://www.rctn.org/bruno/papers/resonator2.pdf
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Energy function?
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1,000,000 combinations!  (n=100)

Energy function?



=  horizontal position xi
=  vertical position yj

Given s, find x, y, c and p via resonator:

wc
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=  color channel c

Factorization of shape, color and position
(Paxon Frady)

uxi
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vyi
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s =
X

i,j,c

I(xi, yj , c)u
xi vyj wc
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x̂t+1 = g(XX> (s⌦ ŷ�1
t ⌦ ĉ�1

t ⌦ p̂�1
t ))
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ŷt+1 = g(YY> (s⌦ x̂�1
t ⌦ ĉ�1
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Visual scene analysis via factorization of HD vectors
(Paxon Frady)



Other efforts

• Berkeley/Stanford EE (Rabaey, Salahuddin, Mitra, Wong) - 
hardware implementation, cnFET’s, PCM/RRAM

• Waterloo (Eliasmith) - SPAUN

• U Maryland (Fernmuller, Aloimonos) - event-based camera 
robot navigation 

• BMW (Mirus, Blouw, Stewart, Conradt) - vehicle position 
monitoring and prediction.

• VSA online seminar series:  https://sites.google.com/ltu.se/
vsaonline/winter-2021

• Website:  https://www.hd-computing.com

https://sites.google.com/ltu.se/vsaonline/winter-2021
https://sites.google.com/ltu.se/vsaonline/winter-2021
https://www.hd-computing.com

