
Sparse coding and ‘ICA’



Density estimation via entropy maximization

(from Bell & Sejnowski 1995)



Bell & Sejnowski (1995)

Objective function:



Thus:



Exponential (Laplacian)

The exponential distribution

p(x) = �e

��x

, x � 0 (18)

is often used to describe the amount of time one must wait before an event occurs
(such as an earthquake). In its two-sided form,

p(x) =
�

2
e

��|x|
, �1  x  1 (19)

it is known as the Laplacian and is often used to model natural image statistics.

Function of a random variable

Let’s say we have a random variable x with distribution p

x

(x). Now if another variable
y is a deterministic function of x

y = f(x) , (20)

what is the corresponding distribution of p

y

(y)? The way to figure it out is shown
in figure 1. The basic idea is that the area under the distribution must be preserved
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for corresponding intervals in x and y. In other words, if we integrate p

x

(x) over the
interval x0 � �x

2  x  x0 + �x

2 , we should get the same answer as when we integrate
p

y

(y) over the interval f(x0 � �x

2 )  y  f(x0 + �x

2 ):

Z
x0+ �x

2

x0� �x

2

p

x

(x)dx =
Z

f(x0+ �x

2 )

f(x0� �x

2 )
p

y

(y)dy (21)

or in the limit as �x! 0 we have

p

x

(x0)�x = p

y

(f(x0))�f(x0) . (22)

Thus,

p

y

(y) = p

x

(x)

"
dy

dx

#�1

. (23)

In other words, you get the p.d.f. for y by simply taking the p.d.f. for x and weighting
it by the inverse derivative of f . Note that this holds only if f is monotonic.

Generating random variables

Equation 23 suggests a method for drawing samples from an arbitrary distribution.
Most computers are equipped with a random number generator that produces num-
bers uniformly distributed between 0 and 1. So, if we let p

y

(y) be the uniform
distribution between 0 and 1 and p

x

(x) is the desired distribution, then we have

1 = p

x

(x)[f 0]�1
. (24)

Thus,

f(x) =
Z

x

�1
p

x

(u)du . (25)

In other words, if we take random numbers generated from the uniform [0,1] distri-
bution, pass them through the inverse of the cumulative distribution for p

x

(x), what
comes out are numbers that are distributed as though they came from p

x

(x)!

Moments

A moment provides a way of characterizing the distribution of a random variable with
a single number that is obtained by taking the expected value of a function of the
variable. A few popular moments are described here.

Mean (first moment)

The mean, µ, of a distribution attempts to characterize the average value of a random
variable drawn from the distribution:

µ = E[x] (26)

=
Z

p(x) x dx (27)
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Aside:  how to compute the probability of a function of a 
random variable?



ICA learning rule

∆W ∝
∂

∂W
⟨log |J|⟩

=
∂

∂W

!

log detW +
"

i

log σ
′(ui)

#

=
$

WT
%−1

+ (1 − 2y)xT



ai
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Sparse, distributed representations



Sparse coding energy function

+ +=

P (a) / ⇧i e
��C(ai)



Sparse coding model



Objective for learning

Gradient ascent yields:



Inference

Gradient descent yields:

where



Approximate learning rule

Instead of

Use



Special case

• No noise

• Invertible A matrix



Special case

Thus



Special case

Pre-multiplying by A AT (natural gradient) yields:

∆A ∝
∂

∂A
⟨log p(x)⟩

=
∂

∂A

!

−
"

i

C(si) − log detA

#

= ⟨[AT ]−1
z(s) sT − [AT ]−1⟩

Its the ICA
learning rule!
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Natural 

It has previously been suggested that neurons with line and edge selectivities found in primary 
visual cortex of cats and monkeys  form a sparse, distributed representation of natural scenes, and it 
has been reasoned that such responses should emerge from an unsupervised learning algorithm that 
attempts to find a factorial code of  independent visual features. We show here that a new 
unsupervised learning algorithm based on information maximization,  a nonlinear "infomax" 
network,  when applied to an ensemble of natural scenes produces sets of  visual filters that are 
localized and oriented. Some of  these filters are Gabor-like and resemble those produced by the 
sparseness-maximization network.  In addition, the outputs of  these filters are as independent as 
possible, since this infomax network performs Independent Components  Analysis or ICA, for 
sparse (super-gaussian) component  distributions. We compare the resulting ICA filters and their 
associated basis functions, with other decorrelating filters produced by Principal Components  
Analysis (PCA) and zero-phase whitening filters (ZCA). The ICA filters have more sparsely 
distributed (kurtotic) outputs on natural scenes. They also resemble the receptive fields of  simple 
cells in visual cortex, which suggests that these neurons form a natural, information-theoretic 
coordinate system for natural images. © 1997 Elsevier Science Ltd 

Information theory Independent components Neural network learning 

INTRODUCTION 

Both the classic experiments of Hubel & Wiesel (1968) 
on neurons in visual cortex, and several decades of 
theorizing about feature detection in vision (Marr & 
Hildreth, 1980), have left open the question most 
succinctly phrased by Barlow & Tolhurst (1992) "Why 
do we have edge detectors?" 

That is: are there any coding principles which would 
predict the formation of localized, oriented receptive 
fields? Barlow's answer was that edges are suspicious 
coincidences in an image. Since the mathematical 
framework for analysing such "coincidences" is Informa- 
tion Theory (Cover & Thomas, 1991), Barlow was thus 
led to propose that our visual cortical feature detectors 
might be the end result of a "redundancy reduction" 
process (Barlow, 1989; Atick, 1992), in which the 
activation of each feature detector is supposed to be as 
"statistically independent" from the others as possible. 
Such a "factorial code" potentially involves dependen- 
cies of all orders, but most studies have used only the 
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Jolla, CA 92037, U.S.A. 
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second-order statistics required for "decorrelating" the 
outputs of a set of feature detectors. 

A variety of Hebbian feature-learning algorithms for 
decorrelation have been proposed (Linsker, 1992; Miller, 
1988; Oja, 1989; Sanger, 1989; Frldi~ik, 1990; Atick & 
Redlich, 1993), but in the absence of particular external 
constraints the solutions to the decorrelation problem are 
non-unique (see: Decorrelation and Independence). One 
popular decorrelating solution is Principal Components 
Analysis (PCA) but the principal components of natural 
scenes amount to a global spatial frequency analysis 
(Hancock et al., 1992). Therefore, second-order statistics 
alone do not suffice to predict the formation of localized 
edge detectors. 

Additional constraints are required. Field (1987, 1994) 
has argued for the importance of sparse, or "minimum 
entropy", coding (Barlow, 1994), in which each feature 
detector is activated as rarely as possible. This has led to 
feature-learning algorithms (Intrator, 1992) with a 
"projection pursuit" (Huber, 1985) flavour, the most 
successful of which has been the Olshausen & Field 
(1996) demonstration of the self-organization of local, 
oriented receptive fields using a sparseness criterion. 

Here we present results similar to those of Olshausen 
and Field, using a direct information-theoretic criterion 
which maximizes the joint entropy of a nonlinearly 
transformed output feature vector. We have previously 
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FIGURE 4. The matrix of  144 filters obtained by training on ZCA-whitened natural images. Each filter is a row of  the matrix W. 
The ICA basis functions on ZCA-whitened data are visually the same as the ICA filters. 

The full ICA transform from the raw image was 
calculated as the product of the sphering (ZCA) matrix 
and the learnt matrix: W, = WWz.  The basis function 
matrix, A, was calculated as W~ ~. A PCA matrix, Wp, 
was calculated from equation (7). The original (un- 
sphered) data were then transformed by all three 
decorrelating transforms, and for each the kurtosis of 
each of the 144 filters was calculated, according to the 
formula: 

K i - -  { ( l ' ~ i -  {bti))4) 3 ( 1 9 )  

Then the mean kurtosis for each filter type (ICA, PCA, 
ZCA) was calculated, averaging over all filters and input 
data. This quantity is used to quantify the sparseness of 
the filters, as will be explained in the Discussion. 

RESULTS 

The filters and basis functions resulting from training 
on natural scenes are displayed in Figs 3 and 4. Figure 3 

displays example filters and basis functions of each type. 
The PCA filters, Fig. 3(a), are spatially global and 
ordered in frequency. The ZCA filters and basis functions 
are spatially local and ordered in phase. The ICA filters, 
whether trained on the ZCA-whitened images, Fig. 3(c), 
or the original images, Fig. 3(d), are semi-local filters, 
most with a specific orientation preference. The basis 
functions, Fig. 3(e), calculated from the Fig. 3(d) ICA 
filters, are not local, and look like the edges that might 
occur in image patches of this size. Basis functions in the 
column Fig. 3(d) (as with PCA filters) are the same as the 
corresponding filters, since the matrix W (as with Wp) is 
orthogonal. This is the ICA-matrix for ZCA-whitened 
images. 

In order to show the full variety of ICA filters, Fig. 4 
shows, with lower resolution, all 144 filters in the matrix 
W. The general result is that ICA filters are localized and 
mostly oriented. Unlike the basis functions displayed in 
Olshausen & Field (1996), they do not cover a broad 
range of spatial frequencies. However, the appropriate 
comparison to make is between the ICA basis functions, 
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AV cx (I + V)(I  + guT). (16) 

In terms of an individual feedback weight, vii, this rule 
is: 

~Vij (X ~iJ -~- Vij -{- UJ( ~i + Z Vik~k (17) 

where g0 = 1 when i = j,  0 otherwise. Thus, the feedback 
rule is also non-local, this time involving a backwards 
pass through the (recurrent) weights, of quantities, yk, 
calculated from the nonlinear output vector, y. Such a 
recurrent ICA system has been further developed for 
recovering sources which have been linearly convolved 
with temporal filters by Torkkola (1996) and Lee et  al. 
(1997). 

The non-locality of the algorithm is interesting when 
we come to consider the biological significance of the 
learned filters later in this paper. 
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METHODS 

We took four natural scenes involving trees, leaves and 
so on* and converted them to greyscale byte values 
between 0 and 255. A training set, {x}, was then 
generated of 17 595, 12 × 12 samples from the images. 
The training set was "sphered" by subtracting the mean 
and multiplying by twice the local symmetrical (zero- 
phase) whitening filter of equation (8): 

x +--- 2Wz({X} - (x)) (18) 

This removes both first- and second-order statistics 
from the data, and makes the covariance matrix o f x  equal 
to 4I. This is an appropriately scaled starting point for 
further training since infomax [equation (13)] on raw 
data, with the logistic function, Yi = (1 + e x p ( - u i )  -1,  
produces a u-vector which approximately satisfies 
(uu T) = 4I. Therefore, by prewhitening x in this way, 
we can ensure that the subsequent transformation, 
u = Wx, to be learnt should approximate an orthonormal 
matrix (rotation without scaling), roughly satisfying the 
relation w T w  = I (Karhunen et  al. ,  1996). This W moves 
the solution along the decorrelating manifold from ZCA 
to ICA (see Fig. 2). 

The matrix, W, is then initialized to the identity matrix, 
and trained using the logistic function version of equation 
(13), in which equation (12) evaluates as: yi = 1 - 2yi. 
The training was conducted as follows: 30 sweeps 
through the data were performed, at the end of each of 
which the order of the data vectors was permuted to avoid 
cyclical behaviour in the learning. During each sweep, 
the weights were updated only after every 50 presenta- 
tions in order that the vectorized MATLAB code could be 
more efficient. The learning rate [proportionality constant 
in equation (13)] was set as follows: 21 sweeps at 0.001, 
and three sweeps at each of 0.0005, 0.0002 and 0.0001. 
This process took 2 hours running MATLAB on a Sparc- 
20 machine, though a reasonable result for 12 × 12 filters 
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*The images (gif files) used are available in the Web directory ftp:// 
ftp.cnl.salk.edu/pub/tony/VRimages. 
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FIGURE 3. Selected decorrelating filters and their basis functions 
extracted from the natural scene data. Each type of decorrelating filter 
yielded 144 12 × 12 filters, of  which we only display a subset here. 
Each column contains filters or basis functions of  a particular type, and 
each of  the rows has a number relating to which row of the filter or 
basis function matrix is displayed. (a) PCA (Wp): The first, fifth, 
seventh etc principal components, calculated from equation (7), 
showing increasing spatial frequency. There is no need to show basis 
functions and filters separately here since for PCA, they are the same 
thing. (b) ZCA (Wz): The first six entries in this column show the 1- 
pixel wide centre-surround filter which whitens while preserving the 
phase spectrum. All are identical, but shifted. The lower six entries (37, 
60... 144) show the basis functions instead, which are the columns of  
the inverse of  the Wz matrix. (c) W: the weights learnt by the ICA 
network trained on Wz-whitened data, showing (in descending order) 
the DC filter, localized oriented filters, and localized checkerboard 
filters. (d) W1: The corresponding ICA filters, calculated according to 
Wz = WWz,  looking like whitened versions of the W-filters. (e) A: the 
corresponding basis functions, or columns of  W l  1. These are the 
patterns which optimally stimulate their corresponding ICA filters, 

while not stimulating any other ICA filter, so that WzA = I. 

can be achieved in 30 min. To verify that the result was 
not affected by the starting condition of W = I, the 
training was repeated with several randomly initialized 
weight matrices, and also on data that were not 
prewhitened. The results were qualitatively similar, 
though convergence was much slower. 



theta wave
alpha wave

EOG

line noise



ICA is not a general solution for finding 
independent components of data

Assumptions of the model:

1. linear superposition:  

2. shape of the prior over each of the components:                      

3. factorial prior over the entire set of components: 

p(si) / e�C(si)



Statistical dependencies



‘Topographic ICA’
(Hyvarinen & Hoyer)



‘Topographic ICA’
(Hyvarinen & Hoyer)


